Background {#Sec1}
==========

Let *C* be a closed, convex and nonempty subset of a Hilbert space *H* and let $\documentclass[12pt]{minimal}
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                \begin{document}$$T : C \rightarrow H$$\end{document}$ be a non-expansive mapping such that the fixed point set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$x_{n+1}=\alpha _nx_n+(1-\alpha _n)Tx_n, \ \ \ n=0,1,2, \ldots$$\end{document}$$has been studied in an impressive amount of papers (see Chidume [@CR1] and the references therein) in the last decades and it is often called segmenting Mann ([@CR8]), Groetsch ([@CR4]), Hicks and Kubicek ([@CR5]) or Krasnoselskii--Mann (e.g., Edelstein and OBrien [@CR3]; Hillam [@CR6]) iteration. A general result on algorithm (1) is due to Reich ([@CR10]) and states that the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$\{x_n\}$$\end{document}$ weakly converges to a fixed point of the operator *T* under the following assumptions: $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{n=0}^{\infty }\alpha _n(1-\alpha _n)=\infty$$\end{document}$.

Many authors are interested in lowering condition $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\alpha _n\}$$\end{document}$ and on the set *C*.

Historically, the inward condition and its generalizations were widely used to prove convergence results for both implicit (Xu and Yin [@CR18]; Xu [@CR17]; Marino and Trombetta [@CR9]; Takahashi and Kim [@CR16]) and explicit (see, e.g., Chidume [@CR1]; Song and Chen [@CR12]; Song and Cho [@CR13]; Zhou and Wang [@CR19]) algorithms. However, we point out that the explicit case was only studied in conjunction with processes involving the calculation of a projection or a retraction $\documentclass[12pt]{minimal}
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                \begin{document}$$P : H \rightarrow C$$\end{document}$ at each step. As an example, in Song and Chen ([@CR12]), the following algorithm is studied:$$\documentclass[12pt]{minimal}
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                \begin{document}$$P : H \rightarrow C$$\end{document}$ is a non-expansive retraction. However, in many real world applications, the process of calculating *P* can be a resource consumption task and it may require an approximating algorithm by itself, even in the case when *P* is the nearest point projection.

Recently, Colao and Marino ([@CR2]) introduced a new search strategy for the coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\alpha _n\}$$\end{document}$. Also they have proved both weak and strong convergence results for the above algorithm (1) when *C* is a strictly convex set and *T* is inward.

For a closed and convex set *C* and a map $\documentclass[12pt]{minimal}
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                \begin{document}$$h(x)=\inf \{\lambda \ge 0 : \lambda x+(1-\lambda )Tx \in C\}$$\end{document}$$Note that the above quantity is a minimum since *C* is closed. The following lemma is useful which has been proved in Colao and Marino ([@CR2]).

**Lemma VG** {#FPar1}
------------

(Colao and Marino [@CR2]) *LetCbe a nonempty, closed and convex set, let*$\documentclass[12pt]{minimal}
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                \begin{document}$$h : C \rightarrow R$$\end{document}$*as in (2)*. *Then the following properties hold*: $\documentclass[12pt]{minimal}
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The following is a main result of Colao and Marino ([@CR2]).

**Theorem VG** {#FPar2}
--------------

(Colao and Marino [@CR2]) *LetCbe a convex, closed and nonempty subset of a Hilbert spaceHand let*$\documentclass[12pt]{minimal}
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                \begin{document}$$T : C \rightarrow H$$\end{document}$*be a mapping. Then the algorithm*$$\documentclass[12pt]{minimal}
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                \begin{document}$${\left\{ \begin{array}{ll} x_0 \in C , \\ \alpha _0=\max \left\{ \frac{1}{2}, h(x_0),\right\} \\ x_{n+1}=\alpha _nx_n+(1-\alpha _n)Tx_n,\\ \alpha _{n+1}=\max \{\alpha _n, h(x_{n+1})\} \end{array}\right. }$$\end{document}$$*is well defined. If we further assume thatCis strictly convex andTis a non-expansive mapping, which satisfies the inward condition* (2) *and such that*$\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{n=0}^{\infty }(1-\alpha _n)<+\infty$$\end{document}$, *then the convergence is strong*.

Meanwhile, Colao and Marino presented the following open question.

*Open question VG* (Colao and Marino [@CR2]) Under which assumptions can algorithm (2) be adapted to produce a converging sequence to a common fixed point for a family of mappings ? In other words, does the algorithm$$\documentclass[12pt]{minimal}
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In this paper, we will give a determinate answer for above open question *VG* and will give the further generalized results.

The answer for the open question and main result {#Sec2}
================================================

The following notions will be used in this paper. Of course, these notions have been also presented in the paper of Colao and Marino ([@CR2]).

**Definition 1** {#FPar3}
----------------
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**Definition 3** {#FPar5}
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In order to clearly answer the open question *VG*, we give the following notions.

**Definition 4** {#FPar6}
----------------
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**Definition 5** {#FPar7}
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**Lemma 6** {#FPar8}
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(Reich [@CR10]) *LetXbe a uniformly convex Banach space*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_n\}, \{y_n\}\subset X$$\end{document}$*be two sequences, if there exists a constant*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\ge 0$$\end{document}$*such that*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\limsup _{n\rightarrow \infty }\Vert x_n\Vert \le d, \quad \limsup _{n\rightarrow \infty }\Vert y_n\Vert \le d,\\&\lim _{n\rightarrow \infty }\Vert t_nx_n+(1-t_n)y_n\Vert =d, \end{aligned}$$\end{document}$$*the*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{n\rightarrow \infty }\Vert x_n-y_n\Vert =0$$\end{document}$, *where*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_n \in [a,b]\subset (0,1)$$\end{document}$*anda*, *bare two constants*.

The following theorem is main result which is also a answer to the open question of Colao and Marino.
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*Remark* {#FPar11}
--------

The proved theorem is a partial answer to the open question that it is not completely satisfactory. In fact the assumption that can not approach to 1, imposes a restriction a priori on $\documentclass[12pt]{minimal}
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By using the same method of proof as in Theorem 7, we can prove Theorem 7 is still right for quasi-nonexpansive mappings. Therefore, we can get the further generalized result as follows.

**Theorem 9** {#FPar13}
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Conclusions {#Sec4}
===========
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